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Lecture Objectives:

v

Motivation for using VAR in macro.

» Structural VAR vs Reduced-form VAR.

> VAR properties including conditions for stationarity.
> VAR lag selection and estimation.

» VAR forecast and identification.

» SVAR using the recursive identification strategy and the related
Choleski Decomposition.

» Impulse response function and their confidence intervals
construction and the forecast error variance decomposition.

> Granger Causality.



Secondary Readings:

» Chapter 5, Applied Econometric Time Series, Enders, Walter,
Fourth Edition

» Chapters 10 and 11, Time Series Analysis, Hamilton, James, first
edition



Motivation

» Two main approaches:
1. Structural Models

» Traditionally, macroeconometric hypothesis tests and forecasts
were conducted using large-scale macroeconometric models.
Example of a small structural model:

P, = ¢o+ 1z +en
O = Oy+0ia+exy

» Macroeconomists used to estimate systems like above but with a
very high number of equations.

» Implicit in these systems are identification restrictions. In this
example for instance, it is assumed z; only affects P, and that a,
only affects Q,. Moreover, it is assumed that O, and P, are
unrelated.



Motivation

2. Reduced-form Models

» These models were primarily used to study the effect of macro
policies on a particular variable of interest. Many monetarists
used such models to study the effect of money on the economy.
Example:

Vi = ¢o + G1yi—1 + ¢omy + p3mu—1 + &



Motivation

» There were serious problems with both of the previous
approaches.

» For the structural approach it was very hard to defend ad hoc
restrictions to identify the systems. This was particularly true for
high dimensional systems.

» Moreover, variables typically affect each other, i.e. they are
endogenous.

» For the reduced-form approach, for instance, it is hard to defend
that only money affects GDP and not the other way around.

» Finally and more importantly, the Lucas critique showed that
such models were not suited to analyze policy effects in the
macroeconomy.



Motivation

» Sims (1980) proposes the use of VARs and saves the day.

» VAR models continue to be the work-horse of empirical
macroeconomics and finance.

» They are extremely useful as a descriptive tool of the dynamics
of a set of variables.

» They are also a powerful tool in forecast.

» The ability of structural representations of VAR models to
differentiate between correlation and causation, in contrast, has
remained contentious



Motivation

» Structural interpretations of VAR models require additional
identifying assumptions that must be motivated based on
institutional knowledge, economic theory, or other extraneous
constraints on the model responses.

> Only after decomposing forecast errors into structural shocks
that are mutually uncorrelated and have an economic
interpretation can we assess the causal effects of these shocks on
the model variables.

» The structural VAR model literature has continuously evolved
since the 1980s. Even today new ideas and insights are being
generated. In the next lecture we review many of these
alternative identification schemes.



Intro to VAR

> Lets start with a two variable case with just one lag.

i = bio— bz +V11ye—1 + Y1221 + €yt (D
2 = by —bayr + 7211 +V22%-1 + Ex ()

Where ¢, £, are both white noise processes with variance oy, o,
respectively. For now, we assume y; and z; are stationary.

» (1) and (2) constitute a Structural two-variable and one-lag VAR
model.

» The structure of the system incorporates feedback because y; and
z; are allowed to affect each other.

> &y, €y are pure innovations. They do not depend on any other
shock and are easy to interpret.



Intro to VAR

» Equations (1) and (2) cannot be estimated using OLS because of
the simultaneous equation bias.

» However, we can manipulate the system using matrix algebra.

[ 1 blz] [)’t} _ |:b10] [711 712] [yt—l} |:5yt:|
= + +

by 1] |z b Y21 Y22 @1 Ezt

Or more compactly:

th = F() + le,_1 + &

» where all variables are in vector notation.



Intro to VAR

» We can pre-multiply both sides by B~! to obtain the
Reduced-form VAR:

X =Ao+A1x—1 + e 3)

Where Ag = B~'Tg,A; =B~ 'T"; and ¢; = B~ ¢,

» Note that (3) is just a vector version of an AR(1) process. Hence
the VAR name.

» Notice that the inverse of the matrix B connects the structural
shocks and reduced-form shocks through:

€ = Bilgt




Intro to VAR

» We can rewrite (3) as

Yo = aio+any—1+anzi—1+ ey “4)
= ax+axy—1 +anz—1+ey )

» (1) and (2) is called the Structural VAR while (4) and (5) is
called the Reduce-form VAR.

» Note that ey;, ey, are both combinations of the structural shocks
via e; = B~ !¢,. Hence

€y — braey
= =" = 6
€1: 1 — bpaby (6)
—-b
e = Ezt 21Eyt (7)

1 — b12b2y



Intro to VAR

» Note that e}, ey, are themselves also white noise processes
because they are nothing but linear combinations of white noise
processes.

» However, they are generally correlated with each other:

—(b2107 + bi20?)
(1 = b1aby)?

E(elteZI) =

» Moreover, notice that there is no clear interpretation for e; in
contrast with &;. Lets write the variance-covariance matrix of e:

. [af alz] &

2
021 0'2



VAR Stability and Stationarity

» It should not come as a surprise that the stability conditions are
similar to those of AR models.

» Moreover, they are also closely connected with stationarity. All
we need is that A{x;_,—1 — 0asn — oo in (3).

» The difference is that before A; was a real number and now it is a
Matrix.

» However, it can be shown that if each eigenvalue ) of A satisfies
|A| < 1, then for any vector x,

lim A"x = 0 9)

n—o00



VAR Stability and Stationarity

» Hence, once again it is about the characteristic polynomial:

(ar1 — N)(an — A) — anaz

2
A — MNax + ai1) + anaxn — anaz

» Hence, the VAR is stationary if both roots Aj, A lie within the
unit circle.



VAR Stability and Stationarity

» Again we can alternatively do it by using the Lag-operator in (4)
and (5):

yi = a0+ aily; +ainlz + ey

% axo + ax1Ly; + anlzy + ey

» One can solve this system and find that:
K
y =
"7 (1 —anL)(1 — apnl) — appanL?

» Where K depends on e, and coefficients. We can find z; and it
turns out it has exactly the same denominator.

» Hence the stability and stationarity condition amounts for the
solution to the denominator to be outside the unit circle.



VAR Stability and Stationarity

» Example:Panel (a): aj9p = ax9 =0, a;; = axp = 0.7 and
ajp = ady = 0.2
Panel (b) ajp = ap; = —0.2
Panel(c) aj] = dadxy =dijip = ay = 0.5
Panel (d) ajo = 0.5

Stationary process #1 Stationary process #2

L L
0 50 100 0 50 100

Panel (a) Panel (b)
Random walk process Random walk plus drift
30
T T
10 /
2 L -10 !
0 50 100 0 50 100
Panel (c) Panel (d)

Figure: Enders VAR examples



VAR Stability and Stationarity

» If the individual variables are stationary, the VAR will also be
stationary because it is just linear combinations of stationary
processes/

» If the VAR is stationary, it is also ergodic and standard
hypothesis testing can be done.

» However, there is a debate on whether the series should be
stationary or not. Sims for instance recommends against
differencing on the grounds that information is lost.

» If the purpose is to understand dynamic interrelationships
between series then, the variables do not need to be stationary.

» If on the other hand, one cares about hypothesis testing and
forecast, then the series should be stationary.



VAR Lag Selection

> We generally use the information criteria to select the number of
lags in a VAR. There are other methods however.

» It is also important to take into account two things when
selecting the number of lags:

1. Parsimonious models. That is, smaller number of lags are
preferred. The models are more accurate.

2. Seasonality. Although there are some ways we will discuss later
on how to deal with it, some lags are still more important than
others. Example: The lag 4 is usually very important in a
quarterly series.



VAR Estimation

» Note that the Reduced-form of the VAR (4) and (5) contains only
pre-determined variables.

» Hence, we can use OLS estimation equation by equation.

» Moreover, note that (4) and (5) also forms a SUR due to the
correlation between the errors

» However, since all regressions have identical right-hand side
variables, we would not gain any efficiency by exploring this
correlation.

» Typically, we estimate VARs using OLS equation by equation.



VAR Estimation

> One thing that you probably have noticed by now is that the
number of coefficients increases very fast as one increases the
number of lags in a VAR

» Even for a small VAR, the VAR is typically overparameterized in
that many of these coefficient estimates will be insignificant

» However, the goal is to find the important interrelationships
among the variables.

» Improperly imposing zero restrictions may waste important
information.

» Moreover, the regressors are likely to be highly collinear so that
the #-tests on individual coefficients are not reliable guides for
paring down the model.



VAR Forecast

» We can use the techniques learned in the AR processes to
analyse the properties of the VAR forecast using (3).

» However, for forecast it is useful to throw away the insignificant
parameters. Moreover, it is essential that the series are stationary.

» After throwing away the insignificant coefficient, one can
estimate the near-VAR using SUR (note that after throwing away
coefficient, the right-hand side variables becomes different
across equation and higher efficiency can be obtain via SUR).



VAR Identification

v

Lets go back to our structural VAR:

i = bio— bz +V11yi—1 + Y1221 + €yt (10)
2 = by — by + 7211 + V281t Ex (11)

We know we cannot directly estimate (10) and (11).

OLS of the reduced-form representation of (10) and (11) give us
the two elements of A, the four elements of A; and the four
elements of the variance-covariance matrix X using the residuals.
However, note that o1, = 07;.

In total the OLS of the reduced-form give us 9 estimates.



VAR Identification

» Identification of the VAR as to with our ability to Identify (10)
and (11) with our estimates of the reduced-form (4) and (5).

» In other, words can we recover all the parameters of (10) and
(11) with the OLS estimates of the reduced-fom VAR?

» Without any further assumptions, the answer is no.

» The structural system has 10 parameters while the reduced-form
estimates only give us 9.



SVAR - Recursive VAR

» The first structural VARSs used the recursive identification
strategy proposed by Sims. Sometimes, they are just called
recursive VARSs.

» Lets take a look at the matrix, B~!,that connected both
representations of a VAR:

1 b1y

-1
b21 1 :| Er =

e = Bilgt = |:

1 _ bin
e = _1*’?%22?21 l*fnzbn g
1=b12b2y 1=b12by;



SVAR - Recursive VAR

» Note that if we either restrict bj» = 0 or bp; = 0 we can identify
g, from e,. Lets see why:

» Suppose by; = 0:



SVAR - Recursive VAR

» So:

€l = 6yz—blszzt

€y = Ey

» Hence the variance and covariance of et estimated, (3
parameters), is enough to recover o 2 a plus by, (3 parameters):

var(ey;) = 0’ +bho?

var(ey) = 022

cov(ey,exy) = —blzag



SVAR - Recursive VAR

» These results can be generalized. Without going to much into
detail, lets go back to the mapping between structural and the
reduced-form model:

=B ¢ (12)

» Hence,

»=B'x. B H (13)

» The identification problem comes from the fact there are * +”

known parameters since 3 is symmetric (remember o1y = 021
etc) and we need to recover n> unknown parameters.

» The unknown parameters are 1>

Hence the n?

— n from B plus n values of ...



SVAR - Recursive VAR

» In order to exactly identify the system, we need to impose

2 2_ . .
2 _ % = % restrictions.

» A recursive formulation of the structural VAR imposes exactly
that number of restrictions on B by imposing zero restrictions on
the structural parameters in a recursive manner. In general for a

n

VAR with n variables:
I by -+ b
byy 1 - by
B=| . . ) (14)
bnl bn2 e 1

» The recursive assumption imposes:



SVAR - Recursive VAR

» Note that the number of restrictions is exactly ”22_ % Thus the

recursive structure exactly identifies

» There is an alternative way of doing the recursive approach that
is numerically easier to compute (This is what software packages
use) using the Choleski Decomposition and is equivalent

> One can always do a Choleski decomposition of the residuals
variance-covariance matrix ¥ = LLT where L is triangular and
use it to recover the structural errors.

e, =L"e (16)



SVAR - Recursive VAR

» However L has positive elements in its diagonal different from 1.
2
Hence, L has exactly 5. What about the ¥..? No need, they
will be by construction normalized to 1:

var(g,) = L™ var(e;)(L™")T
Y. =Ly HT
Y. =L (L hHT

Y. =1

» It turns out both approaches are equivalent.



SVAR - Recursive VAR

. 2_p . . . .
» Caveat Note: To impose the “=- in a recursive way is sufficient

to recover all the parameters. But in general this is just a
necessary condition and not sufficient.

» The SVAR main tools are:
1. Impulse response Functions

2. Variance Decomposition

» Note that both of them only make sense in a structural VAR
(Why?)



SVAR - Impulse response Function

» Back to our reduced-form VAR

X =Ao+A1x—1 + e (17
» Just like in the AR model, we can also rewrite the reduced-form
VAR as VMA(o0):
Xo=p+e+Are—1 +Ale o+ ... (18)

Where 1 is the unconditional mean. The coefficients A; can be
seen as impact multipliers

» However, remember that e, include many structural shocks.
Hence, it is hard to interpret (18)



SVAR - Impulse response Function

» After identification, the structural shocks can be recovered
Le; = e;. Given L from the Choleski decomposition we can use it
to get the impulse-response function that can be interpreted:

X, =+ Le; +ALe; +AlLe; o + ... (19)

» If the VAR is stationary, the impact multipliers vanish.

» Moreover, given that for each order of variables we have a
different unique L. Depending on the order we can get different
impulse response functions.

» This is a problem and has generated until today many proposals
to overcome this identification problem.



SVAR - Impulse response Function

» Example:

(v (o7 0.2). yer) s fere
Model1.(lk) (0.2 0.7 7o + o2

4 Response to £, shock : Response to ¢, shock
T T T T
0.5+ = 0.5 =
0 1 0 ! 1 I
0 10 20 0 5 10 15 20
Panel (a) Panel (b)
(7)< (07 02 (vir) (o
Model 2'(1,) = (~0Az 07 ) \ze1 ) \es
4 Response to &, shock : Response to ¢, shock
T T
0.25 - 0.25 -

Y

0.5 | -05
0

10 20 0 10 20
Panel (c) Panel (d)
Legend: Solid line = {y;} Ci hatch = {z}

Note: In all cases, ej,= 0.8y + ¢, and ey = ¢z,

Figure: Enders Figure 5.7



SVAR - Impulse response Function Confidence Intervals

v

The impulse response functions are very complex objects
(non-linear functions of coefficients)

v

Generally, we don’t know their distribution

v

We need to rely on the following procedures:
1. Bootstrap bias corrected
2. Monte Carlo integration

3. Delta method

v

Kilian (1998) showed Bootstrap bias corrected is the best for
small sample analysis. R uses this procedure.



SVAR - Impulse response Function Confidence Intervals

» Example:

Orthogonal Impulse Response from FF

02 00 02 04 06

cPl

02 00 02 04 06

FF

02 00 02 04 06

68 % Bootstrap Cl, 100 runs



SVAR - Impulse response Function Confidence Intervals

» Example: First Differences

Orthogonal Impulse Response from FF

13
02

06 00

04

cPl
02

06 00

04

FF
2

95 % Bootstrap Cl, 100 runs



SVAR - Variance Decomposition

> Lets start again with the VMA representation of the VAR:

o
xt == ,LL + ZAllLetfl
i=0

» To simplify the algebra, lets define ¢; = A’iL. Then, taking n
steps forward:

oo
Xetn = f+ Z Gi€rrn—i

i=0

» Using this representation, we can easily find the n-period
forecast error x,4,, — E(x4n):

Xt+n — xt+n Z ¢15t+n i (20)



SVAR - Variance Decomposition

» In our two example of two variables VAR y, z, lets focus on the y
portion of (20).

Yetn — E(Veyn) :lel(o)gyt—i-n + lel(l)gyt—i-n—l + .o+ o1(n— 1)5yt+1
+ 012(0)ez14n + .. + G12(n — 1)ez1

» Denote the n-step-ahead forecast error variance of y;1, as a)z,(n)

ayz(n) =U§(¢11(0)2 + .+ pri(n—1)%)

21
YR

» Hence, we can decompose the forecast variance into the variance
of the various structural shocks.



SVAR - Variance Decomposition

» Example:

> fevd(varl, n.ahead=60)

$IP

[1,]
2,1
3.1
[4,]
5.1
[6,]
7,1
[8,]
9,1
[19,]
[11,]
[1z,]
[13,]
[14,1]
[15,]
[16,]
[17,]
[18,]
(19,1
[29,]
21,1
[22,]
£23,]
(24,1

SRS SESESESENE SRS RS RES RSSO RS RS RS RS ISR S

IP
0000000
9971536
9956089
9961732
9970295
9963075
9941806
9897229
9821272
9752455
9673315
9584242
9487683
9382502
9273537
9168430
9060854
8952551
8845347
8735740
8620931
8501713
8377954
8252133

RSN SR SNSRI IS S IS S IS S IS IS IS IS S IS RS IS IS

CPI
0000000000
0018241303
0016622187
0016631747
0013135475
0010992775
0009277913
0008684191
0014920637
0020445960
0018998714
0018111208
0018784060
0022943854
0030767393
0042904459
0058998486
0076177892
0093762891
0114725073
0142408262
0177479933
0218993101
0264833545

FF

. 000000000
.001022235
002728920
002163637
001656963
002593202
.004891592
009408670
016380695
022709919
030768594
039764647
049353338
059455396
.069569608
078866537
088014706
.097127104
.106089030
114953459
.123666102
.132080714
140305293
.148303372



Granger Causality

» Granger causality has to do with the ability of a current variable
y in predicting future values of another variable z.

» Note that is only future and not current! Also the word causality
should not be taken serious in the sense of the usual causality in
microeconometrics.

> If say z Granger causes y and not the other way around, then
there is stronger grounds for causation but still not definite.

» To test for Granger causality of z on y we use a F-test on the
coefficients on the z lags in the y equation. If we can reject that
they are zero then z granger causes y



Granger Causality

» Example:

> causality(varl, cause="FF")
$Granger

Granger causality H@: FF do not Granger-cause IP CPI
data: VAR object varl
F-Test = 2.6091, dfl = 24, df2 = 1512, p-value = 3.541le-05
$Instant

HO@: No instantaneous causality between: FF and IP CPI

data: VAR object varl
Chi-squared = 21.864, df = 2, p-value = 1.787e-05

Figure: Does FF Granger cause IP and CPI



Summary of VAR in Practice

1. If we want to do hypothesis testing and forecast, we need to
check if the variables included in the VAR are stationary. (ACF
can be helpful, we will see more formal tests on this issue next
lecture)

2. Choose the VAR lag p. Generally we can use the AIC and SBC
to do this.

3. Estimate the VAR with OLS.

4. Again, for hypothesis testing and forecast you need to check the
parameter estimates for significance. Otherwise, just skip this
step.

5. Choose an identification strategy and compute the IRF and the
FEVD.



Questions to think about

» How can we get from a Reduced-Form VAR to a SVAR and
vice-versa?

» Why can’t we identify the SVAR parameters with the
reduced-form VAR?

» Does the Recursive identification always deliver exact
identification?

» How can we interpret the IRF? What is the scale of the IRF at
each step?

» Can we infer causality from the FEVD?
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